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Abstract I 

n this paper we develop a new weak convergence and compact embedding method to study the exis- 



equations with p-growth coefBcients. Then we estabhsh the probabihstic representation of the weak 
solution of PDEs with p-growth coefficients via corresponding BSDEs. 
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1 Introduction 

In this paper, we study the probabilistic representation of the weak solution of a class of parabolic 
partial differential equations (PDEs) on E*^ with p-growth coefficients 



by the solution of the corresponding backward stochastic differential equations (BSDEs) in p- weighted 
space. Here ^ is a second order differential operator 



{aij{x)) is a symmetric matrix with a decomposition (aij(x)) — {aij{x)){aij{x))* , f : {x,y^z) 
f{x, y, z) is a function of polynomial growth in y and Lipschitz continuous in z. Many partial differ- 
ential equations arising in physics, engineering and biology have polynomial growth nonlinear terms 



fence and uniqueness of the Lp(M'*; E^) (giL^(M'^; M.'^) valued solution of backward stochastic differential 
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e.g. KPP-Fisher equations, AUen-Cahn equations and Ginzburg-Landau equations. The representation 
provides an important connection between stochastic flows generated by and the weak solutions of 
PDEs possibly with polynomial growth coefficients. In connection with the classical solutions of the 
linear parabolic PDEs, the well-known Feynman-Kac formula provides the probabilistic representa- 
tion for them and originated many important developments (Feynman [S], Kac |12j). An alternative 
probabilistic representation using only the values of a finite (random) set of times to the linear heat 
equations was obtained recently by Dalang, Mueller and Tribe [3] . This idea made it possible for them 
to obtain corresponding formula for a wide class of linear PDEs such as some wave equations with po- 
tentials. The Feynman-Kac formula has played important roles in problems such as the large deviation 
theory of Donsker and Varadhan [B] , Wentzell and Freidlin [23] , small time asymptotics of heat kernel 
and its logarithmic derivatives, in particular on Riemannian manifolds (Elworthy [10 , Malliavin and 
Stroock [16]). The Feynman-Kac formula has been extended and used to quasi-linear parabolic type 
partial differential equations, especially, in the study of the generalized KPP equations using the large 
deviation theory method by Freidlin [9 , using the semi-classical probabilistic method by Elworthy, 
Truman and Zhao [7]. The study of the quasi-linear parabolic type PDE is based on an equation of 
the Feynman-Kac type integration of stochastic functionals. The approach of the backward stochastic 
differential equations, pioneered by Pardoux and Peng [19) . |20| originally, provided an alternative 
approach to the classical solution of the parabolic type PDEs, when the coefficients of the PDE are 
sufficiently regular and Lipschitz continuous. This was extended to the viscosity solution of a large 
class of partial differential equations and BSDEs. They include the linear growth case considered by 
Lepeltier and San Martin [15], the quadratic coefficients (in z) considered by Kobylanski [13], Briand 
and Hu [3], and the polynomial growth coefficients in Pardoux [T5]. The solution of the BSDEs in 
above cases gives the probabilistic representation of the classical or viscosity solution of the PDEs 
as a generalization to the Feynman-Kac formula. Applications of BSDEs have been found in some 
problems such as a model in mathematics of finance (El Karoui, Peng and Quenez [H]), as an efficient 
method for constructing /^-martingales on Riemannian manifolds (Darling fS|), and as an intrinsic tool 
to construct the pathwise stationary solution for stochastic PDEs (Zhang and Zhao [23], 1^5 ). 

The Feynman-Kac approach to a Sobolev or space valued weak solution of PDEs has been 
concentrated mainly on linear problems. Many important progress has been made e.g. in quantum field 
theory (see [22]). The probabilistic approach to the weak solution of quasi-linear PDEs stayed behind. 
Regularity of the solutions, even in the sense of weak derivative, was not given in Freidlin's probabilistic 
approach of generalized solution formally represented by the Feynman-Kac formula ([5]). The BSDEs 
start to show some usefulness in this aspect, when the coefficients are of Lipschitz continuous in the 
space l?p{W^\ M^) W^) or of linear growth, and monotone, from the work of Barles and Lesigne 

[5], Bally and Matoussi P^, Zhang and Zhao [23], [35]. The objective of this paper is to move away 
from the assumption of the linear growth of / and from considering the classical or viscosity solution 
of PDEs to establish the probabilistic representation for the weak solution of such polynomial growth 
PDEs. Although the connection of BSDEs with the viscosity solution for the cases of quadratic and 
polynomial growth has been obtained in [T3], [TH] respectively, the existing methods in the study of 
BSDEs for finding the solution of the BSDEs in ^^(Kd.jji-) L'^^{W.^ ■^^^) are not adequate to solve 
the problem of the weak solution of BSDEs with p-growth coefficients. The fixed point method in 
M2([t,r];L^(Rrf;Ri)) ® M'^(}f,,T\,l?pi:W^-M%, which is equivalent to finding a strongly convergent 
sequence in the same space, seems difficult to work for the problem with p-growth coefficients. It is 
also inadequate to use a combination of the weak convergence in finite dimensional space developed 
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by Pardoux [TH] and the weak solution method developed by Bally and Matoussi [IJ, Zhang and Zhao 
[24], [25] to solve this problem. We need to introduce some new ideas to the study of BSDEs. The 
progress of this problem was made when we realized that, in addition to the method of Zhang and 
Zhao ([24], [25]), as well as the standard approach using Alaoglu lemma to find a weakly convergent 
sequence (K", ^"), we can use the equivalence of norm principle and Rellich-Kondrachov Compactness 
Theorem to get a strongly convergent sequence F". Our recent result on the S'^([i, T], L^(M'*; M^)) dg) 
M^{[t, T]; Lp(M'*; M"*)) valued solution of BDSDEs with nonlipschitz linear growth coefficients made it 
possible for us to study the BSDEs in S^P{[t, T], L2p(Krf; R^))(g,M^{[t, T]; ^^(iRd. j^d)) ^j^j^ polynomial 
growth coefficients, even without assuming / being locally Lipschitz continuous in y. Of course, we 
need to assume the monotonicity condition of / in y. Moreover, it is also an essential step to prove 
the strong convergence of in M'^{[t, T], Lp(K'^; R"^)) from the result of the strong convergence of y" 
and Ito's formula. The weak convergence and compact embedding method has been used in the study 
of PDEs. However, as far as we know, to use this kind of argument to the study of BSDE, this paper is 
the first time in literature. The equivalence of norm principle and very careful probabilistic (measure 
theoretical) and analytic arguments including localization made it work in the probabilistic context. 
However, the probabilistic case is a lot more complicated than the deterministic PDEs case as we need 
to work on the space f2 ^ [0, T] (g) R'^ and solve the equation with probabilistic one, instead only work 
on [0, T] i8) R'* in the deterministic PDEs case. The probabilistic representation can be regarded as a 
generalized Feynman-Kac formula to the weak solution of the PDEs with p-growth coefficients and is 
new in literature. We believe our method will be useful to other types of BSDEs and PDEs as well. 

After this paper was completed, we were informed the paper Matoussi and Xu [17]. But we would 
like to point out what we have proved as well as our methods are different. Notice the convergence 
^Yt-x,n^ Z*'^'") is only a weak convergence along a subsequence according to the Alaoglu lemma. If one 
considers weak convergence in M2([t, T], Ri) (g> A'P{[t, T]; R'^)), which worked well in Pardoux [18 for 
the case of viscosity solutions of the PDEs, then each weak convergence is for a fixed x, and the choice 
of subsequence may depend on x. However, this will cause serious problems when one considers weak 
solutions. Our approach to avoid this essential difficulty is to find a subsequence of the weak convergence 
in the space M ^([t, T], L^(R'*; Ri)) (g) M'^{[t,T]; Ll{W^;W^)). The whole point and major difficulty 
of this approach are to pass the limit term by term in the approximating equation to the desired 
limit. This is achieved in our paper by obtaining a strong convergent subsequence of (y^*.^."^ ^M,") 
in M2([t, T], Ri)) (g, M2([t, T];Ll{R'^; R'^)) using the Relhch-Kondrachov compactness theorem 

and generalized equivalence of norm principle as we have already mentioned. 

2 The main results 

In this paper, we study the weak solutions of a class of parabolic PDEs with p-growth coefficients, 
their corresponding backward stochastic differential equations (BSDEs) in a Hilbert space (p-weighted 
space) and the probabilistic representation of the weak solutions of p.ip by using the solutions of 
BSDEs. We start from the following SDE: 




s>t. 



(2.1) 
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where is a R'' Brownian motion on a probabihty space (i7, ^, P), and 6 : R'' R'^, cr : K'' ^ M''^^ 
are measurable. We consider a slightly more general BSDEs by allowing / depending on time explicitly: 

Y:-^ = + r f{r,Xy\Y^\Zy^)dr - f {Zl''^ , dWr) , (2.2) 



where / : [0, T] x M"* x R^ x M"* ^ R^ and h : ^ are measurable. More conditions on h, a, f 



are needed and will be specified later. The Hilbert space L'l{W^\M.^) is the space containing all Borel 



measurable functions I: R*^ such that < l{x),l{x) > p ^{x)dx < oo, with the inner product 

(ui,U2)= / < ui(x),U2{x) > p^^{x)dx, 



where p{x) = (1 + \x\Y, q > d, is a weight function. The Banach space L^*'(R''; R-*^) is the space 
containing all Borel measurable functions I: R"* M} such that J^^ pP{x)p^^ {x)dx < oo with the norm 
ll'llL^p(fl<i) ~ (.lRdl'^^ix)p~^{x)dx)^ . It is easy to see that p{x) : — > R^ is a continuous positive 
function satisfying J^^ p~^ix)dx < oo. Note that we can consider more general p which satisfies the 
above condition and conditions in [1 and all the results of this paper still hold. For fc > 0, we denote 
by the set of C'^-functions whose partial derivatives of order less than or equal to k are bounded 
and by Hp the p- weighted Sobolev space (See e.g. [1]). Now we assume the following conditions for 
the coefficients in SDE ^Jl and BSDE iMl): 



(H.l). For a given p > 1, J^a \h{x)\^Pp~^{x)dx < oo. 

(H.2). There exists a constant C > and a function /o with Jq J^d \ fo{s, x)\'^p p^^{x)dxds < oo s.t. 

|/(s, X, y, z)\ < C{\fo{s, x)\ + \y\P + \z\), where p is the same as in (H.l). 
(H.3). There exists a constant /i e R^ s.t. for any s G [0,r], yi,y2 e R\ x,z e R'*, 



(yi - y2){f{s,x,yi,z) - f{s,x,y2,z)) < p\yi - yal 
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(H.4). The function {y,z) — >■ f{s,x,y,z) is continuous and z — > f{s,x,y,z) is globally Lipschitz 
continuous with Lipschitz constant L > 0, i.e. for any s e [0, T], y e R^, x, zi, Z2 G K'', 

|/(s,X,2/,Zi) - /(s,X,2/,Z2)| < L\zi - Z2\. 

(H.5). The diffusion coefficients b e Cl{W^;M.'^), a e Ci^(R'^;R'^ x R**) and a satisfies the uniform 
ellipticity condition, i.e. there exists a constant D > s.t. {a(T*){x)^ > D£^*£_ for any ^ € R"*. 

It is easy to see that for a.e. x G R'^, (Y,*'^,Z*'^) solves BSDE (H^]) if and only if (i;*'^,Z*'^) = 
^^ti8Yt,x^^,,s2;t.x^ solves the following BSDE: 

y;*^- = e^^/i(X^") + J /(r,X*'^ Z;'=^)dr-y (Z*'",diy,), (2.3) 

where /(r, x, y, z) = e'^^f{r, x, e~'^^y, e~^^^z) — p.y. We can verify that / satisfies Conditions (II.2), (II.3) 
and (H.4). But, by Condition (H.3), for 2/1,1/2 S R^, and x,z € R\ 

(yi - y2){f{s,x,yi,z) - f{s,x,y2,z)) 
= e2''^(e-^^yi - e-^^y2) (/(s, x, e-'^^yi, e'^'^z) - f{s, x, e-'''y2, e-'^^z)) - p{y, - y2){yi - 2/2) 
< fie^^''\e-^''yi - e^^^2;2p - p\yi - y2? ^ 0. 
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Now we give the definition for tlie solution of BSDE (I2.2p in the p- weighted space. First define the 
space for the solution (K*'', Z*'). We denote by M the class of P-nuU sets of ^ and let — '^t^ V-^; 
for < t < r. We recall some definitions. 

Definition 2.1 (Definitions 2.2 in 1241) Let S be a Banach space with norm \\ ■ [|s and Borel a-field 
^ and q > 2 be a real number. We denote by M«([i,T];§) the set of 3§{[t,T]) ® measurable 
random processes {4>{s)}t<s<T with values in S satisfying 

(i) (f>{s) : — >■ § is measurable for t < s <T; 
(U) E[J^ms)\\lds]<oo. 

Also we denote by S'^{[t,T];S) the set of ^{[t,T]) ® ^ j measurable random processes {V-'('S)}t<s<T 
with values in § satisfying 

(i) ip{s) : — ?> S is measurable for t < s <T and ?/;(•, cj) is continuous P-a.s.; 
(a) E[snpt^,^r llV'(s)||s] < oo. 

Definition 2.2 (Definitions 3.1 in \241 ) A pair of processes {Y^'^ , Zl'^) is called a solution of BSDE 
12M if {Y.*^- , Z'--) G S^P{[t,T];LlP{R'^;R^))lS)M^{[t,T];Ll{R'^;R'^)) and Z*'^) satisfies <fO) 

for a.e. x, with probability one. 

Since {Y.'^Z'^') e S'2p([t, T]; L2p(Rd; r1)) ^ Ap{[t,T]; Ll{R'^;m.'^)) if and only if £ 
S'2p([t,r];L2p(M'^;Mi))(g)M2([t,T];L2(R'^;R'^)), so we claim is the solution of BSDE (j^ 

in the p-weighted space if and only if (Y^'^, Zl'^) is the solution of BSDE (|2.3p in p-weighted 
space. Therefore we can replace, without losing any generality, Condition (A. 4) by 

(H.3)*. For any s e [0, T], yi, 7/2 e K\ a;, z e K"*, 

(yi - y2){f{s,x,yi,z) - f{s,x,y2,z)) < 0. 

The main purpose of this paper is to prove the following two theorems. The first one is about the 
existence and uniqueness of solutions to BSDE (|2.2p : 

Theorem 2.3 Under Conditions (H.l), (H.2), (H.3)*, (H.4) and (H.5), BSDE ^KM> has a unique 
solution {Y.*'\Z*''') e 52p([t,r];L2p(Rd;Ri)) 0M2([t,r];L2(K<i;K<i)). 

BSDE (|2.2p corresponds to the following PDE with p-growth coefficients: 

du 

— it, x) = -^u{t, x) - fit, X, uit, x), (tr* Vu)(s, x)), 0<t<T, 
uiT,x)^hix). (2.4) 

The other main theorem is the probabilistic representation of PDE (|2.4p in the p- weighted space 
through its corresponding BSDE: 

Theorem 2.4 Define uit, x) — Y^'^ , where (F^ is the solution of BSDE i2.2\) under Conditions 
(H.l), (H.2), (H.3)*, (H.4) and (H.5), then uit, x) is the unique weak solution of PDE ^2.4^ - Moreover, 

u(s,X*'^) = y/'^, (ct*Vu)(s,X*'^) = Z*'^ for a.a. s € [t,T], xeM.'^ a.s. 

Noticing / is of p-growth on y, we recall the definition for the weak solution of PDE (|2.4p : 



6 



Q. Zhang and H.Z. Zhao 



Definition 2.5 Function u is called the weak solution of PDE (K^ if{u, (t*Vm) G ^^^([0, T]; L'^p{R'^; R^)) 
^L^i[0,T];Ll{R'^-R'^)) and for an arbitrary ip £ C;f(M'*; M^), 



1 '■^ 



u(t, x)(p{x)dx — / u{T,x)ip{x)dx — — / / {^{a*\/u){s, x))* {a*Vip){x)dxds 
u{s, x)div{{h — A)lp^ {x)dxds 
f(^s, X, u{s, x), ((T* Vu)(s, x))(p{x)dxds. (2-5) 



We give the proofs of these two theorems in the latter sections. 

In Sections 3-5, by making use of truncated BSDEs, we first deal with BSDE p.2p . To prove BSDE 
(12. 2p has a unique solution, we use the Alaoglu lemma to derive a weak convergence sequence in Section 
3 and further use the equivalence of norm principle and Rellich-Kondrachov Compactness Theorem 
to get a strong convergence sequence in Section 4. Then we complete the proofs of Theorem 12.31 in 
Section 5 and consider the corresponding PDE (|2.4I) to obtain Theorem 12.41 in Section 6 which gives 
the probabilistic representation to the weak solution of PDE (|2.4p . 

Remark 2.6 Let u be the weak solution of PDE {2.4^ with coefficient f(x,u, ((t*Vm)) which is inde- 
pendent of t, we can see easily that v{t) = u{T — t) is the unique weak solution of PDE hl.l]) . 



3 The weak convergence 

Assume / satisfies Conditions (H.2), (H.3)* and (H.4). We first use a standard cut-off technique to 
study a sequence of BSDEs with nonlinear function /„ satisfying the linear growth condition on y. The 
S'^P{[t,T];Lf{W^]M})) ® M'^{[t,T]:Ll{W^;W^)) valued solution for this kind equation was studied in 
[25]. For this, we define for each n & N 

fn{s,x,y,z) = f{s,x,nn(y),z), (3.1) 

where 7T„(y) = i^^^^^j^y. Then /„ : [0, T] x R'^ x x R'^ ^ R^ satisfies 
(H.2)'. For any s G [0, T], y eR^, x,z e R'^ and the constant C given in (H.2), 

\f^{s,x,y,z)\<C{\fo{s,x)\ + \n\P + \z\). 

(H.3)'. For any s G [0,T], yi,y2 G R\ x G R'^, 

(yi - y2){fn{s,x,yi,z) - fn{s,x,y2,z)) < 0. 

(H.4)'. The function (y, z) fn{s, x, y, z) is continuous, and for any s G [0, T], y G R"'^, a;, zi, Z2 G R'^ 
and the constant L given in (H.4), 

|/„(s,x,?/, zi) - /„(s,x,y, Z2)| < L\zi ~ Z2\. 
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To see (H.3)', if iT„(yi) = i7„(y2), it is obvious; if 77„(2/i) ^ If„(y2), then 
(j/i - y2){fn{s,x,yi,z) - fn{s,x,y2,z)) 
= (nniyi) - 7T„(y2))(/(s,a;,77„(yi),z) - f{s,x,nniy2),z))——^ — TTT^ ^ 0. 

We then study the foUowing BSDE with the global Lipschitz coefficient /„: 

y,*'"'" = + y U{r,Xl'^X'"''".Zl'"''")dr- j (Z*^"'", dT^,). (3.2) 

Notice that under the conditions of Theorem 12.31 the coefficients h and /„ satisfy Conditions (H.l), 
(H.2)' and (H.4)'. Hence by Theorems 2.2 and 2.3 in [5S], we have the following proposition: 

Proposition 3.1 (',251) Under the conditions of Theorem for /„ defined in h3.1]) . BSDE iS.^) 
has a unique solution (y^*.^,"^ (= S^{[t,T]; Ll{R'^;R^)) ® M^{[t,T]; Ll{R'^;R'^)). If we define 

y- ,x,n _ ^-j^ then Un{t, x) is the unique weak solution of the following PDE 

du 

-^{t,x) = -^Un{t,x) - fn{t,X,Un{t,x), {a* V u) {t , x)) , <t <T, 

u„{T,x) = h{x). (3.3) 
Moreover, 

u„(s,X*^^) = y,*^^'", {a*\/un){s,Xl''') = Z*'^'" for a.a. s e [t,T], xeM.'' a.s. 



The key is to pass the limits in p.2p and p.3p in some desired sense. For this we need some estimates 
that go beyond those in [53] and [5S] . Before we derive some useful estimations to the solution of BSDEs 
(|3.2p . we give the generalized equivalence of norm principle which is an extension of equivalence of norm 
principle given in |14) . [2], [1] to the cases when ip and ^ are random. 

Lemma 3.2 (generalized equivalence of norm principle \24^ ) Let p be the weight function defined at 
the beginning of Section 1 and X be a diffusion process defined in V2.1]) . If s € [t,T], (p : f] x — > 
is independent of the a-field a{Wr — Wt, t < r < s} and fp^^ G L^{Q ® W^), then there exist two 
constants c > and C > such that 

cE[[ \tp{x)\p~\x)dx] < E[ [ \Lp{Xl-'')\p-^{x)dx] <CE[ [ \tp{x)\p-\x)dx]. 



Moreover i/ !f : x [t, T] x R'' -> K\ <F{s, •) is independent of and ^p^^ G L^{Q ® [t,T] 
then 



cE[[ [ \^{s,x)\p-\x)dxds]<E[[ [ \<Ir{s,Xl-'')\p-\x)dxds] 
<CE[[ [ \^{s,x)\p-\x)dxds]. 

First we deduce a useful estimate. 

Lemma 3.3 Under Conditions (H.l), (H.2), (H.3)*, (H.4) and (H.5), i/ (K*'''", Z.*' '") is the solution 
of BSDE (Eli, then we have 
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E[[ sup [ +sup£;[/" [ < oo. 

Jt n Jw n Jt jR<i 

Proof. For Af, iV > and m > 2, define 

^Ai{y) = 2/'/{-Af<y<Af} + Mi2y ~ M)I[y>M} - M{2y + M)I[y<_M} 

and 

fN^miv) = V~I{Q<y<N} + ^^~(yy —^)I{y>N]- 

Applying Ito's formula to e"'^'"(/9jv,m (^Af (^r '^'")) fo'' ^-S- G ^'^i we have 



1 



T 



v;v,™(^Af(r/'-'"))^(r/'-'")z*-'",dw^.). (3.4) 



^e^V;v,™(V'Af(i;*'-^"))/^_,,,<y..,.<,,,}|Z*'-^"prf'^ 

From [Ml, we note first (K*^'^", Z.*'''") e S^{[0,T]; Ll{R'^;R^)) AP{[0,T]; Ll{W^;W^)). Also it is 
obvious that ip'j^ „i(V'A'/(^r ''^'"))V'M(^r ''^'") is bounded, hence we can use the stochastic Fubini theorem 
and take the conditional expectation w.r.t. Note that the stochastic integral has zero conditional 
expectation. So if we define ^'''^^'^ = 2 when y = 0, we have 



e 

+ Ie[ f [ e^>;,„(V;Af(>;*^^'"))|VM(>;''"'")n^;'"'"lV-'(a:)da;dr|^,] 
+E[ f j^^ e^>;v,™(V'A/(>;*'"^"))/{_M<r,'--<Af}l^r'""f P"'(^)dxdr|^,: 

,KT _ /J/ vt,3:\\\ 



+E[ / / e^>^,„(V'A^(r;'-^"))V'M(>;*'"'")/n(^^r^>;*'"^^^*'"'")P~'(a:)rfa;dr|^ 



JM'' 

+E[ e (/?Ar,„(V'Af(>;' )j t.x.n K'' 



x(/„(r,X;■^y;^-'",Z*'-'")-/„(r,X;'^0,Z*■-'"))p-l(x)dxdr|^, 



+E[ / e^>^,„(^M(>;*^-'"))V'M 
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X (/„(r, Xl^^ 0, Zl'^n - /„(r, X^'^ 0, 0)) p-Hx)dxdr\^ 

Js Jw^ 

<E[[ e''^ipN,m{4'M{h{X'^'')))p-\x)dx\.^,] 



Taking the limit as M oo first, then the limit as A'^ ^ cxo, by the monotone convergence theorem 
and Young inequality, we have 

5^'\Y,'''''"rp-\x)dx + KE[[ [ e^''\Y*''''"rp'\x)dxdr\^s] 



'm{m — 1) 



E[l I eKr^Y^,x,n^ra 2 | 1 2^- 1 (a,)^^,^^ | ^ 



2 



^ )rp-'ix)dx\.^s 

T 



<E[f e^^lMX* 

+mLE[[ [ e^'^\Y*''-''"r'^\Y*'=''"\\Zy-''"\p-\x)dxdr\^,] 

Js Jr'' 

+mE[[ [ e^n>;*'"'"r'"'ln*"'"ll/(^^r",0,0)|p-i(a;)da;dr|^,] 

Js Jr'' 

<E[( e'^^\h{x!^^)rp-\x)dx\^s\ + m{L^ + 1)E[ C f e'^'^\Y,*'^'"r p~\x)dxdr\^s] 

Jri^ Js Jr'^ 



m m — 2 



4 m 

i-T 



'-E[[ f e^''|^r'"^"rP"'(^)'^a;dr|^,] 

Js Jw^ 

+ T--^^r [ e^'■|/(r,X;■^0,0)|>-l(x)dxdr|^,]. (3.5) 
Here and in the following, Cp is a generic constant. Therefore, taking K > m{L^ + 1) + ■^^x^' ^® have 
E[[ sup/" \Y,*^^^"rp~\x)dxds]+ sup E[[ [ \Y*''='"r'^\Zl''='"fp-\x)dxds] 

Jt n jR<i n Jt JR'' 

<CpE[[ \h{X'^'')rp-\x)dx]+CpE[[ [ \fo{s,Xl--)rp-\x)dxds] 

jRti Jt Jr'^ 



<Cp I \h{x)rp-\x)dx + Cp [ I \ fo{s, x)r p'\x)dxds <oo. 

jR<i Jt Jri^ 

In particular, taking m — 2p, then the lemma follows. 
Taking m = 2 in the proof of Lemma 13. 3[ we know 
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E[f sup/" lY^^""^"]^ p-^{x)dxds + sup E[ [ [ |Z*^^^"pp-i(a;)dxds] < oo. (3.6) 
Also we have 

supEiT [ \Ms,Xr,Y:^^^",Zr'nfp'\x)dxds] 

n Jt jR'i 

< supii;[ r I C{\h{s,Xr)? + + \Zl---'^^\^)p-\x)dxds] < oo. 

n Jt Jr-^ 

The last inequality follows from the equivalence of norms principle and Lemma [3.31 Define JJl'^'" = 
/„(s,X*■^y,*'^'",Z*'-'«), s > t, then 

snpE[[ [ + + |C/*^^'"|2)p-i(a;)rfa;rfs] < oo. (3.7) 

n Jt Js.'' 

Therefore by using the Alaoglu lemma, we know that there exists a subsequence, still denoted by 

(F^*'^'",Z*'^'",C/*'^'"), s.t. (y3*'^'",Z*'^'",C/|'^^") converges weakly to the limit (i;*-^, Zf-^, C/*'^) in 
Ll{f2(S)[t,T](g)R'^;R^(E)R'^(g)R^) (or equivalently L'^{f2 (g)[t,T]; Ll{R'^;R^) (g) Ll{R'^;R'^) (S) Ll{R'^;R^)). 
Now we take the weak limit in Ll{Q ® [t,T] (g) M'';Mi)) to BSDEs 1^^, we can verify that 
^Yt,x^ Zt,x^ jjt^x^^ satisfies the following BSDE: 

y,*^" = /i(X^")+ / Ul'^'dr^ {Zl'^.dWr). (3.8) 



For this, we will check the weak convergence term by term. The weak convergence to the first term is de- 
duced by the definition of Y^'^ . The weak convergence to the second term is trivial since /i(Xy^) is inde- 
pendent of n. We then check the weak convergence to the last two terms. Let ry G Lp(/?(X)[t, T]ig)M''; R^). 
Then noticing /^"^ sup„ /j^^ \Up^'^\-^ p~^ {x)dxdr\ds < 00 due to p.7p . by Lebesgue's dominated 
convergence theorem, we have 

T n i-T 

t.x.n TTiiX\j^^/ 1/ 



\E[ / / (U^-'^-'' -U'^'^)drr]{s,x)p-'ix)dxds]\ 

Jt Jr'' Js 

= \E[ r r I (C/,*'^'" - UlnvMp-\^)dxdrds]\ 

Jt Js JR<i 

< f \E[[ [ {U*'^'" -U*^'')r]{s,x)p-^{x)dxdr]\ds ^0, as n ^ 00. 

Jt Js Jr-^ 

On the other hand we know for fixed s and x, 77(3, x) G L^(f2). So there exists ip{s,x,r) s.t. 77(5,2;) = 
E[ri{s,x)] + {ip{s,x,r),dWr). It is easy to see that for a.e. s £ [i,r], (p{s,-,-) e L'^{f2 <g) [t,T] ® 
M'^; Ml). Noticing that sup„ E[jJ J^^ |Z*'^'"|2p-i(a;)dxdr]ds < 00 due to and using Lebesgue's 
dominated convergence theorem again, we obtain 

\E[[ I [ {Zl.-'^^" - Zi.^^,dWr)v{s, x)p'\x)dxds]\ 

l-i Js 

E[[ (Z*'"^"-Z*'",diy,)(£;[77(s,x)]-H / {^{s,x,r),dWr))]p-Hx)dxds\ 
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E[ / (Z*'^'" - Z*'^, v?(s, X, r))dr]p"^ {x)dxds\ 



IR'' 

< [ \E[[ [ (Z*'^'" - Z;^^,v3(s,a;,r))p-i(x)dxdr]|ds — > 0, as n -> cx). 

Needless to say, if we can show BSDE dS^]) is indeed BSDE (g^l), then we can say (F^*'"^, Z*^^) is a 
solution of BSDE (gj). The key is to prove that C/*.^ = f{s, X*'^, F^*'^, Z*-^) for a.a. s e [t,T], x e R'^ 
a.s. However, the weak convergence of F", C/" and Z" are not enough to this. The crucial point in 
this analysis is to establish the strong convergence of and Z" , which will be done in next section. 



4 The strong convergence and the identification of the hmiting BSDEs 



In this section, we will show that the combination of methods of weak convergence and strong con- 
vergence of a subsequence (yj.^-"^ ^M,"^ gives an effective way to prove that the limit (F^'^jZ*'^) 
satisfies BSDE (|2?2)) . In contrast, the direct proof that BSDE ((3?2|) converges strongly to BSDE ((2?2)) 
by using the strongly convergent subsequence (yj.^^"^ Z*-^-") without the weak convergence argument 
will encounter some complications. This is due to that the dominated convergence theorem does not 
seem to apply immediately to BSDE (|3.2I) . We start from an easy lemma. 

Lemma 4.1 Under the conditions of Theorem \2.!A ifun(t,x) is the weak solution of PDE i3.3\) . then 
sup„ jj" /jjd \un{s,x)\^Pp~^{x)dxds < oo. Furthermore, 

lim sup / / |u„(s, x)|^/(7„c (a::)da;(is = 0, 

N^oo n Jo jRti 

where Un" = {x eW^ : \x\ > N}. 

Proof. The L^^ integrability of u„ follows directly from the equivalence of norm principle and Lemma 
13.31 Let's prove the second part of this lemma. Since J^^ p^^{x)dx < oo, 

lim sup / / \un{s,x)\'^ Iu^<:{x)p'^'^ {x)dxds 

< lim (sup / / |u„(s,a;)pPp-i(a;)da;ds)^( / / \Iur,-{x)\'!^ p-'^{x)dxds)'^ 

N^oo n Jo jRd Jo jRd 

< lim Cp( / Iu^.{x)p-\x)dx)^ =0. 

O 



The following two theorems quoted in 21 will be used in this section. 

Theorem 4.2 (c.f. 121^) Let X CC H C Y be Banach spaces, with X reflexive. Here X CC H means 
X is compactly embedded in H . Suppose that u„ is a sequence that is uniformly bounded in i^([0, T]; X), 
and dun/dt is uniformly bounded in U^{0,T;Y), for some p > 1. Then there is a subsequence that 
converges strongly in L^([0, T]; 

Theorem 4.3 (Rellich-Kondrachov Compactness Theorem c.f. ''2Tl ) Let B be a bounded domain 
in M''. Then H^{B) is compactly embedded in L^{B). 
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Lemma 4.4 Under the conditions of Theorem \ 2. 'A if {Y^'^''^ , Zl'^'") is the solution of BSDEs 
and Yg'^ is the weak limit ofY^'^'^ in L^{Q iS> [t,T] ^R^-.R^), then there is a subsequence ofY^''^'^, 
still denoted by Y,*'^'", converges strongly to Y*'"" in L'^{[2 ® [t,T]; Ll{R'^;R'^)). Moreover, we have 



for any s G [t,r], a.a. x G M"^ a.s. 



(4.1) 



andE[J^J^, \Y,'--\^Pp-^{x)dxds] < 



Proof Let u„(s,a;) = F/'^^". Then by Proposition O m„(s,X|'^'") = F,*'^'", (cr*Vu„)(s,X 



Z*'^'" for a.a. s e[t,T],x€ a.s. We claim that m„(s, x) satisfies the following PDE in H^iR'^; M^] 
dun{s,x)/ds = -^Un{s,x) - fn{s,x,Un{s,x), (cT* Vu„) (s, a;)) , < s < T. (4.2) 



To prove this claim, first note that u„ are uniformly bounded in L'^{[0,T]; i/i(E''; M^)) by the equiva- 
lence of norm principle and the uniform ellipticity condition of a: 

sup / / {\Un{s,x)\'^ + \\/Un{s,x)\'^)p~^{x)dxds 
n Jo JR'' 

<CpSUp / / {\Un{s,x)\'^ + \{(T*VUn){s,x)\'^)p^^{x)dxds 
n Jq jR'i 

< Cpsup£;[ / [ (|r°'^'"|2 + |Z°'^'"n/9-i(a;)da;ds] < oo. 



(4.3) 



Then we can deduce that du^/ds are uniformly bounded in L'^{[0,T]; Hf (R'^-^R^)). For this, we need 
to prove that and /„ £ L^{[0,T];Hp*{R'^\R^)) are uniformly bounded respectively. First note 

that for i — 1, 2, • • ■ , d. 



9/9 ^(a;)| 
dxi 



'"'(l + |x|)«+i|a:|' - (l + |x|)9+i -'^^ 



Moreover, recalling the form of ^ and noticing the conditions on b and a in (H.5), we can see that aij 
and hi are uniformly bounded for all i, j. So for arbitrary s e [0,T], -0 G C^(R'*;R^), we have 



^Un{s,x) ■ ll>{x)p ^{x)dx 



< 



< a 



{--y 

^ 2 ^ 9a;i 

/V^ I d'^n{s, x) 
{ } ^ I ^ I + \Ur. 



dun{s,x) diaijipp ^){x) 



1=1 



dxi 



dxj 

d 

(s,^)i)(E 



y^Un(s,x) 



9(b,V;p-i)(a:) 
dxi 



)dx 



dxi 



g(6.V^p-^)(x) 



4=1 



dxi 



(,,^)|)(^|M^| + |^(^)|)p-l(a;)dx 



9 a::-; 



< a 



| 9u„(s,x) ^ 
dxi 



-\- \Un{s,x)\)'^p^^{x)dx 



\ 



(^j2\^^\ + mxWp-Hx)dx 



dxi 



< Cp\\Unis, a;)||^i(Kd.Ki)||?/'||//i(E<i;Ri). 
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As C;?°(R'';Ri) is dense in H^piR'^; M^), therefore for arbitrary s e [0,T], it follows that ||^u„(s, Ollffi-CR^i^Ri) 
< Cp||M„(s, •)||_f/i(R<i;Ri) and by (|431) . we have 

sup ||jSfu„|1^2fro Tl-ifi'm^i-Ri-l-l ^ C'p sup / / {\Un{s, x)f + \VUn{s,x)f )p~^ix)dxds < OO. 



Also using Lemma 13.31 and the equivalence of norm principle again, we obtain 



^ ll/n(s, •,M„(S, •), (0-*Vu„)(s, ■))\\l2(Md,M^)ds 

< C,E[ r [ (|/o(s,x)p + |i;0--.'f P + \Z",^-^-\')p-\x)dxds] < ^. 

Jo JR'' 

Hence /„ G L^{[0,T]; Lf {R'^;R^)) C L^{[0,T]; H^p* {R'^;R^)) and 

sup ll/"llL2([0,T];_f/l*(R<*;Rl)) 

<CpSup J ||/„(s,-,-u„(s, •),(o-*Vu„)(s,-))||^2(Rd.Ki)ds 
< Cpsupi?[ r [ {\fo{s,x)\' + \Y°^-'-\^P + \Z",^-^^\')p-\x)dxds] < 



oo. 



Therefore we conclude that dun/ds are uniformly bounded in L?{\})^T]\ H^* iW^-.R^)). 

Noticing Theorem and applying Theorem lO] with X = H^{Ui;R^), H = Ll(Ui]R^) and 
Y = Hp ([/i;R^), we are able to extract a subsequence of m„(s,x), denoted by ui„(s,x), which 
converges strongly in L^([0, T]; L^([/i; M^)). It is obvious that this uin{s,x) satisfies the conditions in 
Theorem 14. 2 1 Applying Theorem 14. 21 again, we are able to extract a subsequence of uin{s,x), denoted 
by U2n{s,x), that converges strongly in L^([0, T]; Lp(C/2; K^)). Actually we can do this procedure for 
all Ui, i = 1,2, ■ ■ ■. Now we pick up the diagonal sequence Uii{s, x), i = 1,2, ■ ■ ■ and still denote this 
sequence by u„ for convenience. It is easy to see that u„ converges strongly in all i^([0, T];L'^{Ui; R^)), 
i = 1,2, ■ ■ ■. For arbitrary e > 0, noticing Lemma |4. 11 we can find j{e) large enough such that 

sup / / 2\un{s,x)\'^p^^{x)dxds < —. 

n Jo JUj^c-," 3 



For this j{e), there exists n*{e) > s.t. when m,n > n*{e), we know 

l|Um — Un||i2(ro,T];L2([/ ;Rl)) = / / |lim(s, x) — U„(s, x) ^{x)dxds < -. 

Therefore as m, n > n*{e), 

\\Um - '"n|lL2([Qj.].^2(jjd.Rl)) 

< / / \um(s,x) - Un{s,x)\'^p'''-{x)dxds + / / (2\um{s , x)\'^ + 2\un{s , x)\'^) p~''- {x)dxds 
Jo Ju,^,) Jo Ju.^,-," 

< e. 
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That is to say u„ converges strongly in L^([0, T]; M^)). Now using the equivalence of norm 

principle, we know as to, rt — > cx), 



iKs ~'^s l!L2(r2®[t,T];L2(K<i;Ri)) 

= E[r ( \Ur^{s,Xl'-)-Ur,{s,XY-)\^p-\x)dxds] 



<Cp / \um{s,x) - Un{s,x)\'^p ^{x)dxds — ^ 0. (4.4) 




So the claim that y^*'^'" converges strongly in L'^{n (g) [i, T]; L2(K'*; Ri)) follows. But we know that 
Y^*'^ is the weak limit of in L'^(n(E)[t,T]; L^iR'^-M^)), therefore X*'"^-" converges strongly to F,*-^ 

in L2(r2(g) [t,r];L2(Kd;Ki)). 

To see gH), first notice that in BSDE ([S^, h{-) e Ll{R'^:R^) and C/.*'' G M^{[t,T]; Ll{R'';R^)) 
are given, so there exists {Y.^-\Z*'') G lVP{[t,T]; Ll{R'^;R^)) (g) M'^{[t,T]; Ll{R'^;R'^)) satisfying the 
spatial integral form of BSDE (|33]). By Lemma 3.3 and Proposition 3.4 in [24, (y/'^,Z*'^) G 
S'2([i,T];L2(K<i.Ki))(gM2([t,r];L2(R'*;R'')) is the unique solution of BSDE jSH) and F,*^^ = 
^t,a; _ Zg'^" for any s G [t,T], a. a. x G M'' a.s. If we define F/'^ = u(s,a;), then we can prove the 
strong limit of Un{s,x) in L^{[0,T]; Ll{R'^;R^)) is u{s,x) and Y;*-^ = u(s,X|'^) for a.a. s G [t,T], 
X G M'' a.s. To prove this, we only need to see that, by the equivalence of norm principle, 



Moreover, we can prove that E[J^ J^a \ Yg''^\'^P {x)dxds] < oo. For this, by the equivalence of norm 
principle, we only need to prove that J^^ \u{s,x)\'^^p~^(x)dxds < oo. To assert the claim, we first 
prove that we can find a subsequence of {m„(s, x)}^]^ still denoted by {u„(s, a;)}^]^, s.t. 




(4.5) 



and 




(4.6) 



Un{s,x) — !> u(s, x) and sup |u„(s, a;)p^ < OO for a.e. s G [t, T], x G M . (4.7) 



n 



For this, from (j4.5|) . we know that \un{s,x) — u{s,x)\'^p'~^{x)dxds — > 0. Therefore we may 

assume without losing any generality that u„(s,x) — > u(s,x) for a.e. s G [0,T], x G K'' and extract a 
subsequence of {u„(s,x)}^i, still denoted by {u„(s, x)}J^i, s.t. 
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/ |u„+i(s,a;) - Un{s,x)\p~^{x)dxds < 
Js.'' ^ 

For any n, 

n— 1 oo 

< \ux{s,x)\ + ^ |ui+i(s,a;) - Ui(s,a;)| < |ui(s,x)| + ^ |ui+i(s,x) - u^{s,x)\. 

i=\ 1=1 

Then by the triangle inequahty of the norm, we have 
/ / s,\\\)\un{s^x)\p^^{x)dxds 

Jo jR'i n 

— / \ui{s,x)\p~^{x)dxds + ''^^ / / \ui^i(s,x) — Ui{s,x)\p'^{x)dxds 
< / / \ui{s, x)\p~'^ {x)dxds + y2— < oo. 

Jo JR'i ^ 

Therefore, (I4.7P fohows from the above. By a similar argument as in Lemma |4. 11 for this subsequence 
Urn can prove that for any 5 > 0, 



lim sup / / |u„(s,x)pP ^-^i\u (s x)pp-''>N}i^T ^{x)dxds = 0. 

N-foo n Jo Jmd -II " ' I 

That is to say that \un{s,x)\'^''' is uniformly integrable. Together with Un{s,x) — > u{s,x) for a.e. 
s(£[0,T],x(£ R'*, we have 

/ / \u{s,x)\^P-^p-\x)dxds ^ lim / / \un{s,x)\^P~^p'\x)dxds 
Jo Jr'^ "^°°Jo ^R'' 

<sup [ [ \un{s,x)\^P-^p-\x)dxds <Cp{snp [ [ |m„(s, a;)pPp-i(x)dxds) ^ < Cp, 

n Jo Jr'' n Jo Jr'' 

where the last Cp < oo is a constant independent of n and S. Then using Fatou lemma to take the 
limit as 5 — >■ in the above inequality, we can get Jp Jj^^j \u{s, x)\'^p p~^ {x)dxds < oo. o 

Considering the strongly convergent subsequence {y^*' and using a standard argument to 

BSDE p.2p . we can prove that for arbitrary m,n 

E[( |r;'=^'™-r;'"''fp-i(2;)dx] + i£;[/ / \Zl'^'"' ~ Zl^='^'^\^p-^{x)dxdr] 



Js Jr'' V -Js Jw 



xCp\ E[ / (l/o(r,x)12 + |i;*^-'"12p + |z;'^'"P)p-i(^)dxdr]. 



So by Condition (H.2) and Lemma 13.31 we can conclude that the corresponding subsequence of 
|^t,-,Ti|oo^^ converges strongly as well. Certainly the strong convergence limit should be identified 
with the weak convergence limit Z.*'', hence the following corollary follows without a surprise. 
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Corollary 4.5 Let (K*' be the solution to BSDE k2.S]) and (|y;*' '"^ ^/jg subsequence of 

the solutions to BSDE which K*"'"" converges strongly to K*'' in L'^{n ®[t,T\,Ll{W^;R^)), then 

Z.*'''" also converges strongly to Z^/ m L'^{n® \t ,T\, l?SW^ \W^)) . 



From Lemma [4. 4i we know that there is a subsequence of K ' ' , still denoted by y ' ' , converges 
strongly to K*'' in L'^{n ® [t, T]; L2(]R'^; Ri)), i.e. M2([t, T]; L2(Kd; Ri)). indeed, doing Ito's formula 
to Vm(1;*'"^'" - Yr'"^) and e^'' (V'm(1;*''')) , with Corollary [13] we can further prove that K*' '" 
converges to K*'' in S'2([t, T]; L2(]R''; Ri)) and K*^' e S'2p([t, T]; L2p(Krf; respectively (To see similar 
calculations, one can refer to the argument in the proof of Lemma 3.3 in [24 ). 

Proposition 4.6 For Z''') and (K ■ Z.'' '") given in Corollary \4-5\ Y. '' is the limit of Y. ' 

in S'2([i,T];L2(K<i;Ki)). Moreover, Y.*'' G S^P{[t,T]; LIp{R'^;R^)). 

Now we are ready to prove the identification of the limiting BSDEs. 

Lemma 4.7 The random field U , Y and Z have the following relation: 

tr*'^ = /(s,X*'^,y,*'=',Z*'^) for a.a. s G [t,T], x e M'^ a.s. (4.8) 

Proof Let /C be a set in ^2(E)[t,T]<^R'^ s.t. sup„ |i;*'^'"|+sup„ |Z*'^'"| + |/o(s,X*'=^)| < K. Similar to the 
proof of gJl), we can find a subsequence of {(F,*'"^'", Z*'^'")}^^i, stiU denoted by {(X*'^'", 
satisfying (y^*^^.", Z*'^'") — ^ (X*-^, Z*'^) and sup„ |Y:*'''"| +sup„ |Z.*'''"| < oo for a.e. s G [t, T], x eR'^ 
a.s. Then it turns out that as if -> oo, K, ^ H (E) [t,T] (g) M'*. Moreover it is easy to see that along the 
subsequence, 

E[ r [ 2(sup|/„(s,X*'^y;'-^^Z*'-■")|2 + \f{s,Xl^^,Y:^^,Zl-^)\')I^is,x)p-\x)dxds] 
< eC^EiT [ (|/o(s,X*'-)p + sup|i;*'-^"|2f + sup|Z*'-^"n/^(.s,x)p-i(x)dxds] 

Jt Jr'' n n 

+6C'E[r [ ms,Xl^n\' + \Y:^1''' + \Zr\^)lK{s,x)p-'{x)dxds] < ^. 



Thus, we can apply Lebesgue's dominated convergence theorem to the following calculation: 

i-T 



lim E[f f \f,,{s,Xl'^X'''''',Zl'^niK{s,x)-f{s,Xl'^X'^Zlni^{s,x)fp-\x)dxds] 
Jt Jr" 

= E[f f lim |/„(s,X*'^r/'-'^Z^-'")-/(s,X*'^r,*■^Z^-)|2/^(s,a:)p-l(a;)da;rfs] 
<2E[f f lim \f^{s,Xl-^^,Y:'^'-,Zl-^--n-f(s,Xl^^,Y:-^--'-,Zl-^-^^^^^^ 

+2E[f f lim |/(s,x*■^n*^-'^z^-'")-/(s,x*^^r,*^^z^-)|2/^(s,xKl(x)d:Eds]. 

(4.9) 

Since yj'^-" — 5. yj'^ for a.e. s e [t,T], x £R'^ a.s., there exists a N{s,x,uj) s.t. when n > N{s,x,u}), 
< IFJ'^I + 1. So taking n > max{iV(s, a;, w), + 1}, we have /„(s, X*'^, y*-^'", Z*-^'") = 

/(s, XI'-, ^ XI'-, Y,''-'^, Zl'-'^). That is to say lim„^oo Xp, F,'^-^", 

2-M,«)_j(g^^t,:r^y^t,a.,n^^t,:r,«)|2 = Q foi a.c. s G [t,T],x<^R'^ a.s. On the othcr hand, lim„^oo \f{s,Xl'-, 
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y;*'^'",Z*'^^")-/(s,X*^^,i;*^^,Z*'^)|2 ^Ofora.e. s e [t,T],x G M'^ a.s. is obvious due to the continuity 
of {y,z) f{s,x,y,z). 

Therefore by gH), /„(s, F,*'^'", Z*'^'")/^(s, 2;) = ;7*'^'"/a:(s, x) converges strongly to /(s, Xj'^, 
y,*'^,Z*'^)/K;(s,x) in Ll{f2(g) [t,T] (g)R'^;R^), but C/*'^'"/k:(s, x) converges weakly to Ul^'' Ik.{s,x) in 
£2(12® [t,T] ®R'^;Ki), so /(s, X*^^, F,*'^, Z*^^)/k(s, x) = ?7*'^Jk;(s, cc) for a.e. r G [t,T], a; G M'' a.s. 
The lemma follows when K 00. O 

Proof of Theorem \2.S[ With Lemma 14.71 and Proposition 14.61 the existence of solutions to BSDE 
(|2.2p is easy to see. Now we prove the uniqueness. If there is another solution {Y^'^,Zl'^) to BSDE 
([221, then for a.e. x G M'^, - i;*'^, Z*^^ - Z*-^) satisfies 

Yt,x _ Yt,x ^ ^j^^^ j^t,x^ yt^x^ ^t.x^ _ j^^^ x]:\Yl^\ Zl''))dr - {Z\:'' - Zl^\dWr). 

Applying Ito's formula to \Xl'^ — Y^'^l"^, by the stochastic Fubini theorem and Conditions (H.3)* and 
(H.4), we have 

E[[ \Yl-^-Yl^^\^p-\x)dx]+E[f j \Zl^^-Zl^^\^p-\x)dxdr] 
<2L^E[[ [ |i;*^"-i;*'"|2p-i(x)da;dr] + / \Zl^^ ^ Zl''=fp~\x)dxdr]. 

By Gronwall's inequality, the uniqueness of the solution to BSDE (|2.2I) follows immediately. o 



5 The PDEs 

Now we make use of the results for BSDE (|2.2p to give the probabilistic representation to PDEs with 
p-growth coefficients. Actually the solution of BSDE in the p- weighted space gives the unique weak 
solution of its corresponding PDE (|2.4p . 

Proof of Theorem \2.4\ Using Corollary 14. 5[ we first prove the relationship between (Y, Z) and u. 
Since (|46)) . we only need to prove that {a*Vu){s,Xl''^) = Zl''^ for a.a. s G [t,T], x G M'' a.s. This can 
be deduced from (|4?T|) and the strong convergence of Z.*' '" to Z.*'' in L'^{Q ® [t, T]; ^^(Rd; by the 
similar argument as in Proposition 4.2 in |24| . 

We then prove that u{t,x) is the unique weak solution of PDE (|2.4I) . We still start from PDE 
p.3p . Let u"(s,x) be the weak solution of PDE p.3p . Then by the definition for the weak solution 
of PDE, we know (u„,cr*Vw„) G ^^([O, T]; ^^(Rrf; Ri)) (g) l2([o, T]; ^^(Rd; Rd)) and for an arbitrary 
(f G C;?°(R'';Ri), 

/ Un{t,x)ip{x)dx — I Un{T, x)(p{x)dx — - j j (^{a*'Vun){s,x))* {a*V(p){x)dxds 
— / Un{s, x)div(^{b — A)(p^{x)dxds 
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fn{s,x,Un{s,x), {a*Vun){s,x))ip{x)dxds. (5.1) 

We can prove along a subsequence that each term of (|5.ip converges to the corresponding term of 
(|2.5I) . By (|4.5I) . we know that m„ converges strongly to u in Lp([0, T] (g) M''; R^), thus m„ also converges 
weakly. Moreover, sup^gRd(|c?w((6 — j4)(/7) (a;)|) < oo and p is a continuous functional in R'*, so it is 
obvious that 

lim / / Un{s,x)div(^{b — A)(pj{x)dxds — / / u{s,x)div(^{b ~ A)if^{x)dxds. 



Also it is easy to see that 



1 '-^ 



lim - / / ((a* Vun)(5, a:)) {a*V(p){x)dxds 

n— >-oo 2 



n—>oo 2 

2 

1 
2 



T 



= lim ——I I Un{s, x)div{aa*'Vip){x)p{x)p ^{x)dxds 



u{s, x)div{aa*y (pa){x) p{x) p {x)dxds 

d 

{{a*'^u){s, x))* {<7*\/ip){x)dxds. 



Also we have proved that /„(s, Xl'^, Y^'^'"^, Zl'^'"-) converges weakly to /(s, Xl'^, Y^'^, Zl'^) in L'^{Q® 
[t,T] (g) M'*;Ri). In fact we can follow the same procedure as in the proof of Lemma 14.71 to prove 
(s, x), (cr* Vu„)(s, x)) converges weakly to /(s, x, u(s, x), (cr*Vu)(s, x)) in TJ^R''; R^). 

So we have 

lim / / fn{s,x,Un{s,x),{a*Vun){s,x))(p{x)dxds 



/(s, X, u(s, x), ((T*Vu)(s, x))ip{x)dxds. 

For any i e [0,T], limn^oo J^d Unit, x)ip{x)dx — J^^u{t,x)ip{x)dx can be proved as follows using 
Proposition 14.61 

lim I / {un(t,x) — u(t,x))(p{x)dx\'^ < lim CpE[ \un{t, X^'^) — u{t, X^'^)\'^ p^^ {x)dx] 

< lim sup / |rt°^"'"-r,°^"|V'(^)rf^] =0. 

Therefore we can prove (|2.5p is satisfied for all i G [0,r]. That is to say u{t,x) is a weak solution of 
PDE (EH). 

The uniqueness of PDE (|2.4I) can be derived from the uniqueness of BSDE (|2.2p . Let m be a 
solution of PDE (gH). Define F(s,a;) = /(s, a:, u(s, a;), (cr* Vu)(s, a;)) . Since u is the solution, so 
Jq Jj^d {\u{s,x)\'^P + \ {a*Vu){s, x)\'^) p^'^ {x)dxds < oo and 

\F{s,x)\^p~^{x)dxds 
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<Cp [ [ {\Ms, x)\^ + \u{s,x)\^P + \{a*S/u){s,x)\^)p-\x)dxds <oo. (5.2) 
If we define y^*^^ = m(s,X*'^) and Z*-^ = (cr*Vu)(s, Xp), then by LemmaESl 

[ i\Y:-^\'p+\zr\')p-\x)dxds] 

<Cp [ [ \u{s, x)f P + \{a*Vu){s,x)f p''\x)dxds <oo. 



Using some ideas of Theorem 2.1 in [T], similar to tlie argument as in Section 4 in [24], we have for 
t<s<T, {Y.*'\Z*'') £ M2p([i,r];L2p(K<i;Ki))(g)M2([i,T];L2(Rrf;Rrf)) solves the following BSDE: 



y;-" = /i(X^'") + y F{r,Xl''')dr- j\zl^'',dWr). (5.3) 

Multiply (fi £ C°(M'^;R^) on both sides and then take the integration over M.'^. Noting the definition of 
F{s,x), Y*''' and Z*-^, we have that (yJ'^,Z*'^) satisfies the spatial integration form of BSDE ([2:21) . 
Similar to Proposition EH we can deduce that Y.*'' e S'^P{[t, T]; L2p(Rd. ^i)) and therefore (y*^^, Z*'^) 
is a solution of BSDE (|2.2p . If there is another solution u to PDE (|2.4p . then by the same procedure, 
we can find another solution {Y^'^ , Zl'^) to BSDE (|2.2p . where 

y;*'^ = u{s,Xl^'') and Z*^^ = ((7*V'u)(s,X*'^). 

By Theorem nil the solution of BSDE (g^ is unique. Therefore 

yt^x ^ Y*^,x j^j, s e [i,T], X e K'' a.s. 

In particular, when t = 0, 

yO,2 ^ yO,2 fQj. s € [0, T], x e R'* a.s. 



By Lemma 13.21 again. 



\u{s,x) - u{s,x)\'^ p-^{x)dxds < CpE[ / / {Y^"'"' -Y^°'''\^)p~\x)dxds] = 0. 

Jo Jw 

So u{s,x) = u{s,x) for a. a. s G [0,T], a; G M'' a.s. The uniqueness is proved. 
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